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Abstract
In a recent paper, general solutions for the vacuum wave functionals
in the Schrodinger picture were given for a variety of classes of curved
spacetimes. Here, we describe a number of simple examples which illustrate
how the presence of spacetime boundaries inuences the vacuum wave
functional and how physical quantities are independent of the choice of
spacetime foliation used in the Schrodinger approach despite the foliation
dependence of the wave functionals themselves.






The Schrodinger wave functional provides a simple and intuitive description of
vacuum states in quantum eld theory in curved spacetimes. It is particularly
useful in situations where the background metric is time-dependent or in the
presence of boundaries.
This is the second paper in a series where we develop the Schrodinger picture
formalism in curved spacetime. In the rst paper [1], we reviewed and devel-
oped techniques for solving the Schrodinger wave functional equation for broad
classes of spacetimes, viz. static (where the metric depends only on the spacelike
coordinates), dynamic or Bianchi type I (where the metric depends only on the
timelike coordinates) and a certain class of conformally static metrics including
the Robertson-Walker spacetimes. Here, we continue this development by study-
ing examples of spacetimes with boundaries, in particular regions described by
coordinate patches which can be analytically extended to a larger spacetime. We
describe how the presence of boundaries inuences the choice of foliation in the
Schrodinger formulation and determines the nature of possible vacuum states.
The main advantage of the Schrodinger picture over other ways to characterise
vacuum states is that it describes states explicitly by a simple wave functional
specied by a single, possibly time-dependent, kernel function satisfying a dier-
ential equation with the prescribed boundary conditions. This makes no reference
to the assumed spectrum of excited states and so circumvents the diculties of
the conventional canonical description of a vacuum as a `no-particle' state with
respect to the creation and annihilation operators dened by a particular mode
decomposition of the eld, an approach which is not well suited to time-dependent
problems. Unlike the alternative of specifying a vacuum state implicitly by giving
a prescription for determining the Green functions, the Schrodinger wave func-
tional is an explicit description, and this simplies the interpretation of the nature
of the states. In the end, of course, the same fundamental ambiguities appear
in very similar guises in all these formalisms, but while the Green function ap-
proach is perhaps better suited to more elaborate issues such as renormalisation
and higher-order perturbative calculations, the Schrodinger picture frequently
gives the clearest insight into the nature of the vacuum state.
So far, we have spoken loosely about `the vacuum state.' In fact, it is only for
the very special class of static spacetimes that an essentially unique state exists
which possesses most of the dening attributes of the Minkowski vacuum. In
the general case, there may be no distinguished candidate at all for a vacuum
state with the usual properties. For example, in a dynamic spacetime, there is
a one-parameter family of `vacuum' solutions to the Schrodinger wave functional
equation and the selection of one of these requires a physically motivated initial
condition on the rst-order time-dependent equation for the kernel. Although
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these states are stable, they are not stationary states with respect to the chosen
time evolution.
Even in a static spacetime, the vacuum wave functional will depend on the
foliation of spacetime chosen to dene the Schrodinger equation. On the other
hand, we expect physical observables to be independent of the choice of folia-
tion, given the same spacetime and boundary conditions. The resolution of this
potential paradox is illustrated here for a simple but non-trivial example.
Quantum eld theories in spacetimes with boundaries have been extensively
studied elsewhere [2, 3, 4]. In particular, questions of renormalisation and the
Schrodinger picture have been addressed in considerable generality in [5]. In this
paper, our approach is rather to illustrate general features in a number of simple
and clear examples.
The content of this paper is as follows. In section 2, we review very briey the
solutions of the Schrodinger wave functional equation found in [1]. In section 3,
we continue the development of [1] by looking at vacuum solutions in the Milne
universe, an example of a dynamic spacetime of Robertson-Walker type which
expands from an initial point but has no asymptotically static region. This is
also of interest as an example of a spacetime which is just one coordinate patch of
a larger spacetime, the covering spacetime in this case being simply Minkowski.
It has also found a recent application in the dynamics of bubble nucleation in
certain variants of the inationary universe scenario [6].
In section 4, we consider the much-studied Rindler wedge, imposing vanishing
boundary conditions on the eld. The interpretation of the vacuum state dened
with respect to a foliation respecting these boundary conditions is considered in
some detail.
Taken together, two Rindler wedges and the Milne universe and its time-
reversed counterpart comprise standard Minkowski spacetime. In section 5, we
describe conventional Minkowski eld theory using the foliation appropriate to
the Rindler-Milne tiling and verify that, given the correct implementation of
boundary conditions, the conventional Minkowski Green functions are recovered.
This is strong evidence for the expected foliation independence of physical observ-
ables and an important consistency check on our interpretation of the Schrodinger
picture formalism.
This example also serves as a technical warm-up for our eventual goal of
determining the vacuum wave functional in the Kruskal black hole spacetime,
which shares many features of the Rindler-Milne foliation of Minkowski spacetime
(see, e.g. [7]).
2
2 Vacuum Wave Functionals
We begin by reviewing briey the vacuum wave functional solutions described in
[1] for dierent classes of spacetime. For notation and conventions, see ref.[1].
We consider globally hyperbolic spacetimesM, with metric g

, which admit
a foliation into a family of spacelike hypersurfaces , with intrinsic coordinates

i
, labelled by a `time' parameter s. The embeddings of  in M are specied by









], where the vari-
ables () are eigenvalues of the eld operator on the equal-s hypersurfaces ,
and the Schrodinger equation describes their evolution along the integral curves




are respectively the lapse and shift functions characterising
the embedding and the induced metric on , The Schrodinger equation for a free











































While this equation makes the dependence of the wave functional on the
foliation explicit, it is much simpler in particular examples to choose spacetime
coordinates which reect the foliation. If we identify the spacetime coordinates







= 0 (so that g
0i






































The `vacuum' solutions to the Schrodinger equation are Gaussian functionals
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G(x; x; t) (5)






























































) can be split into
a spatial part, 2
i
and a time part, 2
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(x; y)f(x) = f(y).
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The kernel equation can be solved explicitly for special classes of spacetime.
For `static' spacetimes, where the metric depends only on the spacelike coordi-














































and d() is the appropriate measure.
For `dynamic' (Bianchi type I) spacetimes, where the metric depends only on
the time coordinate, the kernel is





































 (t; k) = 0 (10)
The arbitrariness in the choice of solution is responsible for the one-parameter am-
biguity (strictly, a one-function ambiguity, since the arbitrary coecients in the
general solution of eq.(10) may be functions of the momentum k) of the vacuum
wave functional for dynamic spacetimes. It is important to notice that despite
the time-dependence of the kernel, the vacuum states described by eq.(9) are
stable and can allow time-independent expectation values for certain operators.
These solutions may be readily generalised to conformally static spacetimes
where the conformal scale factor depends only on the time coordinate. This class
includes the Robertson-Walker spacetimes with curved spatial sections.
Expectation values of operator products are given in the Schrodinger repre-
sentation by























































h0j ['(x); (y)] j0i = i
d
(x  y) (14)














(u; y; t) (15)
where 
R
is the inverse of the real part of the kernel G
R
.























can be written in terms of the kernel and its inverse if we point-split before
calculating the expectation value, the coincidence limit being taken at the end of


















































































3 The Milne Universe
Our rst example is a dynamic spacetime of Robertson-Walker type. The Milne
universe is a two-dimensional spacetime which begins at an initial point and
expands indenitely. Quantum eld theory in this spacetime has been previously











where z is the time coordinate (z > 0) and  is the space coordinate ( 1 <  <
1). The scale factor for the Milne universe is a(z) = z.









where  = ln z and C() = e
2
.
A further coordinate transformation, with t = z cosh  and x = z sinh  ,









where the coordinates are restricted to the range 0 < t <1 and  1 < x <1.
In this form, it is clear that the Milne universe is simply the patch of Minkowski
spacetime lying in the future light cone of the origin (see Fig (1)). This will be
exploited in section 5.
o








τ   = constant
o
x
t z = constant
F
Figure 1: Milne patch of Minkowski spacetime.
The Milne universe is geodesically complete in the sense that it admits a
foliation where each spacelike hypersurface is intersected exactly once by a semi-
innite timelike geodesic which does not intersect the boundary
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except at the
special point at the origin. A suitable foliation in which to set up the Schrodinger
formalism is shown in Fig (1) where we choose the Cauchy hypersurfaces  to
be the lines of constant z, and consider evolution in the time coordinate z. The































where 	[; z] is a functional of the eld eigenvalues ( ) on the equal-z hyper-
surfaces. It may be solved as usual, giving
































































This is not true for null geodesics. In consequence, the conclusions of this section may not





















 (z; k) = 0 (27)
The general solution is a linear combination of Hankel functions of imaginary
order (see [11, 12] for the required properties of Hankel and Bessel functions), i.e.
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Since the kernel depends only on the logarithm of
e
 (z; k), only the ratio of the
coecient functions a(k) and b(k) survives as a one-parameter ambiguity in the
vacuum wave functional. To x this, we need to choose a suitable boundary
condition.
In the cosmological models considered in [1], the spacetime had asymptoti-
cally Minkowski regions and the boundary condition was specied by choosing a
vacuum wave functional that reproduced the standard Minkowski vacuum in the
asymptotic limit. This is achieved by picking solutions of the wave equation which
are positive frequency with respect to the usual Minkowski time coordinate. In
the Milne universe, we have no analogous asymptotic region. However, we can
still require that
e
 (z; k) is a positive frequency solution (more precisely, a sum
of positive frequency solutions) with respect to the proper time z of comoving
observers in the expanding universe. Using a well-known integral representation
of the Hankel functions we may rewrite eq.(28) as
e

















So, remembering that for a comoving observer ( = const), z is simply propor-
tional to t, we restrict
e
 (z; k) to be positive frequency in the above sense by
choosing a = 0. The vacuum wave functional is therefore specied by the kernel
(26) with
e




To investigate the properties of this vacuum state, we evaluate rst the two-
point Wightman Green function then the vacuum expectation value of the energy-


























































 (z; k)] (32)
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where  is the geodesic interval along the equal-z hypersurface of the foliation,
viz.



















The details of the calculation are given in section 5.
We see, therefore, that the two-point function in the comoving vacuum in the
Milne universe is identical to the corresponding Green function in the complete
Minkowski spacetime. This is not too surprising since we have used the same
boundary condition in choosing the vacuum state, although it is less obvious
that the Green function should be insensitive to the boundary, recalling that the
Milne universe is simply the patch of Minkowski spacetime in the future light
cone of the origin. This is assured by the property that the Milne patch admits a
foliation for which the spacelike hypersurfaces are complete Cauchy surfaces for
the full Minkowski manifold. This property is not shared by the other related
example considered in this paper, the Rindler wedge (section 4).
As a second probe of the vacuum state, we may evaluate the expectation value
of the energy-momentum tensor, eq.(16). The `energy' component is expressed














































































where  is the geodesic interval along the equal-z hypersurfaces of the folia-
tion. Again, this agrees with the point-split energy-momentum tensor VEV for
Minkowski spacetime, allowing for the coordinate transformation to the (z;  )
coordinates.
These two results conrm that physical quantities calculated in the Milne uni-
verse with the particular choice of state we have called the comoving vacuum are
identical to those in Minkowski spacetime. In particular, they show no depen-
dence on the boundary. However, other equally valid choices of vacuum state are
possible corresponding to dierent choices of the arbitrary ratio a=b in eq.(28).
We now consider one of these, the so-called `conformal' vacuum.
The conformal vacuum
5
is selected by requiring that in the massless limit,
where we are considering a conformal eld theory on a conformally at spacetime,
the wave equation solutions determining the kernel should be positive frequency
with respect to the conformal time .
Yet another rewriting of the general solution (28) to the wave equation gives
e







(mz) are Bessel functions of imaginary order. In terms of the a
and b coecients of eq.(28), we have for k > 0
c(k) = (k) a(k) + (k) b(k) (41)
d(k) = 

(k) a(k) + 

(k) b(k) (42)



















, so is positive frequency with
respect to the conformal time. The conformal vacuum is therefore specied by
choosing c = 0, d = 1 in eq.(40). In terms of the original coecients, it is
specied by choosing the ratio a=b = e
 k
. Clearly, it is simply another of the
one-parameter family of possible vacua characteristic of dynamic spacetimes. Of
course, the conformal vacuum also corresponds to positive frequency behaviour
5
Notice that, as in [1], we could equally well have formulated the Schrodinger equation for
evolution in the conformal time, i.e. along the conformal Killing vector
@
@
. However, since  is
a function of z only (recall  = ln z), the foliations into z = const and  = const surfaces are
identical, so the Schrodinger equations are related by a trivial change of variable. In contrast,
the choice of vacuum state is made at the level of imposing a boundary condition on the kernel
equation. The comoving and `conformal' vacua are distinguished by the choice of
e
 to be
positive frequency with respect to the proper time z of a comoving observer or (for massless
elds) the conformal time  respectively. This is a physical distinction unrelated to the foliation
choice.
9
with respect to the conformal time in the limit of early times (small z), as well
as vanishing mass.
To show that this is indeed physically distinct from the comoving vacuum,
we compare the expectation values of the energy-momentum tensor in the two
states. Details of the calculations are given in appendix A. We nd that the


































































The rst term dominates in the early time (small z) or small mass limits, since all
the other terms are of O(z
0
). This term represents the energy density of radiation
at a temperature (2z)
 1
, and shows that, in this limit, the comoving vacuum is
an excited, thermal state with respect to the conformal vacuum.
4 Rindler Spacetime




















where  = ln z and C() = e
2
. Like the Milne universe, Rindler spacetime
is simply a patch of Minkowski spacetime. To see this, make the coordinate









where the range is restricted to x > 0, jtj < x. The spacetime is therefore just
the R wedge in Fig (2).
Quantum eld theory in this spacetime has been widely studied using many
dierent formalisms (see for example [2, 15, 16] in the canonical formalism and
[17, 18, 19] in the Schrodinger formalism). We have little to add to this discus-

















Figure 2: Rindler wedge of Minkowski spacetime.
importance of boundary conditions in specifying the vacuum state and to con-
trast with the results on foliation independence in the Rindler-Milne analysis of
Minkowski spacetime in section 5.
In order to apply the Schrodinger formalism, we need to choose a foliation into
a set of spacelike Cauchy hypersurfaces and consider evolution along a timelike
Killing vector eld which is innite in extent and in particular does not intersect
the boundary. The Rindler wedge is globally hyperbolic and thus geodesically
complete and so admits such a foliation.
A suitable foliation is given by choosing the spacelike hypersurfaces to be the
lines  = const and considering evolution along the Killing vectors @=@ as shown
in Fig (2)
6



























To solve this, we must impose boundary conditions on the eld (z). A suitable
choice is the Dirichlet condition  = 0 at z = 0 (and, as usual, at spatial innity,
z !1). The vacuum wave functional is































dz zG(z; z)g and the kernel G(z; z
0
) is given by the
6
The evolution path z = const is the world line of a uniformly accelerating particle with
acceleration 1=z in Minkowski spacetime. This is the reason for the great interest in Rindler
spacetime [16] in modelling the behaviour of accelerated systems or observers.
11









































 (!; z) = 0 (51)













































This species the vacuum state in Rindler spacetime subject to the given
boundary condition. It is the ground state with respect to the energy associated
with the chosen time evolution. It is unique in the same sense as is the usual
vacuum in Minkowski spacetime. Of course, a dierent foliation satisfying the
above criteria would yield a formally dierent expression for the vacuum wave
functional, but all physical quantities derived from it would be identical. (The
question of foliation independence is discussed in section 5.)
An alternative representation of the wave functional can be given in terms of
the transforms
e
















As a functional of
e






























































To understand better the nature of this vacuum state, we again evaluate the
Wightman function and the energy-momentum tensor. The Wightman function




































































cosh v. The rst term is simply the usual translation
invariant Minkowski result. (Note that the geodesic interval 
2









for points with equal  is simply 
2




). The second term
shows a dependence on the absolute position and reects the sensitivity to the
boundary. This should be contrasted with the corresponding result in the Milne
universe. The foliation hypersurfaces for the Rindler patch are not complete
Cauchy hypersurfaces for the full Minkowski spacetime, so there is no reason to
expect translation invariance in the Wightman function.
The energy-momentum tensor expectation values are computed as usual from




















































The rst term is exactly the same (up to a factor of g

) as the usual Minkowski
result and depends only on the geodesic interval between the points. The sec-
ond term, however, is not translation invariant and shows an explicit position
dependence.
The energy density appropriate to evolution along the Killing vectors @=@ is
therefore position dependent and sensitive to the boundary. However, if instead






























d! ! (0) (63)
The Rindler vacuum therefore shares most of the properties of the familiar
Minkowski vacuum. It is the ground state with respect to the energy associated
with the Hamiltonian generating the time evolution along the vector eld @=@ .
A simple spectrum of excited states is generated by the creation operators a
y
(!).
However, the lack of translation invariance in Rindler spacetime does aect the
vacuum, showing up both in the Wightman function and in the explicit position
dependence, or boundary sensitivity, of the local energy density.
Finally, we should make some remarks about observer dependence in the
interpretation of this Rindler vacuum state.
In Minkowski spacetime, the Unruh eect implies that the vacuum state ap-
pears simple only to the class of inertial observers, whereas uniformly accelerated
observers will experience a universal temperature eect [15, 20].
In Rindler spacetime, the ro^le of preferred observers is taken by those follow-
ing the timelike Killing vector elds @=@ . These observers will be the analogues
of the inertial observers in Minkowski spacetime and will perceive the Rindler vac-
uum to be a simple vacuum state. Other observers are accelerated relative to this
class and will therefore experience an Unruh eect, perceiving the Rindler vacuum
to be an excited state. For example, we expect observers following the Minkowski
time evolution vectors @=@t to experience a universal, position-dependent tem-
perature eect (T = 1=2z), with the temperature increasing as the boundary is
approached. This behaviour is in complete contrast to that of observers follow-
ing the geodesically complete vector elds @=@ , which are innite in extent and
never intersect the boundary.
5 Rindler-Milne Foliation of Minkowski Space-
time
This nal example is designed to illustrate the foliation independence of phys-
ical quantities for quantum eld theories in the same spacetime with the same
boundary conditions.
In general, the foliation is specied by the deformation vector N

(x) (which
incorporates the lapse and shift functions N and N
i
). The foliation determines
the representation of operators in terms of the elds ' and conjugate momenta
, so that both the operators and the wave functionals depend on N

. Foliation
independence of physical quantities would then be expressed as a functional Ward
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identity with respect to N

. For example, for the physical VEV of a renormal-
isation group invariant operator O(; ';N





















] = 0 (64)
This encodes the invariance of the VEV under innitesimal changes of the fo-
liation hypersurfaces, although the wave functional itself is of course foliation
dependent.
In this section, however, we consider `large' changes of foliation. The example
we choose is ordinary, (d+1) dimensional Minkowski spacetime and we consider
two foliations, rst the standard one with hypersurfaces t = const and second a
`Rindler-Milne' foliation where the spacetime is split into sections P, L+R, F
















τ = − 











τ = − oo
Figure 3: Rindler{Milne evolution surfaces in Minkowski spacetime.
5.1 Minkowski foliation
The results of the standard Minkowski foliation [1] are well known and we sim-



















































































Notice that due to the manifest translation invariance, the Green function de-
pends only on the distance jx  yj separating the points.
The (unrenormalised) VEV of the energy{momentum tensor is just the usual






















. For later comparison the VEV of the energy component
















We now compare these results with those for the Rindler-Milne foliation. To set
this up, we split Minkowski spacetime into the four wedges shown in Fig (3) and
introduce coordinates (; z; x
a
) in each wedge as follows:
x
1
= z cosh  t = z sinh  x
1
; t 2 R
x
1
=  z cosh  t =  z sinh  x
1
; t 2 L
x
1
= z sinh  t = z cosh  x
1
; t 2 F
x
1
=  z sinh  t =  z cosh  x
1




(a = 2; : : : ; d) are retained as Minkowski coordinates.
F and P patches













dynamic in these coordinates. The spacelike hypersurfaces are chosen to be z =
const and we consider evolution along @=@ . These hypersurfaces are complete
Cauchy surfaces for the whole of the Minkowski spacetime.
The analysis is precisely as in section 3, except that here we are working in
(d+1) dimensions. The Schrodinger equation is just the generalisation of eq.(22)
and the vacuum wave functional is
	[(; x
a





























































Choosing boundary conditions on the wave equation solution
e
 (z; !; k
a
) as in sec-
tion 3 so that it is a superposition of eigenfunctions which are positive frequency















. This resolves the one-parameter ambiguity of vacuum states
in this foliation.
The two point function evaluated at equal z times in this vacuum state is


































where we have only considered points separated in the x
1
direction. Rewriting































). The remaining integral can be performed by a Mellin





































Comparing with the equivalent Minkowski spacetime results, eqs.(68) and (70),







; z) as explained in section 3, we see that as expected they are identical.
L-R patch
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As already observed in section 4 where we studied the single Rindler wedge
R, the hypersurfaces  = const in this patch alone are not Cauchy complete in
the extended Minkowski spacetime. To nd such surfaces, which are necessary to
have a correct foliation of the spacetime (i.e. respecting the global hyperbolicity
and geodesic completeness), we have to treat the L and R wedges together. The












. The Cauchy hypersurfaces
are then the surfaces  = const across both patches taken together, as shown in
Fig(3), and we consider evolution in @=@ as shown.




























































(L) is a theta function which is 0 when x is in the R region and is 1 when x
is in the L region. The vacuum wave functional solution is
	[(z; x
a





































































 (!; z; x
a
) = 0 (83)
The unique set
9
consistent with the boundary condition that the eld eigenvalues
(z; x
a


































We use the notation x = (z; x
a




) for space coordinates and k = (!; k
a
) and




We have already used the  independence of the metric to show that the kernel is a function
of x; y only and Fourier transformed with respect to  to nd solutions
e
 (!; z; x
a
) of the wave





























































































































































where again we have only considered points separated in the x
1
direction. We




















jz   uj x; y 2 R;R or x; y 2 L;L
jz + uj x; y 2 R;L or x; y 2 L;R
(89)
x = |z+u|∆ x = |z-u|∆
Figure 4: Distance between two points on the t =  = 0 spacelike hypersurface.
As can be seen, Fig (4) this is equivalent to the Minkowski two point function.
This is true on any  = const hypersurface because x is just the geodesic
distance between the two points and exactly equals the geodesic distance between
the same two points in Minkowski spacetime.
























where the two points are in the same wedge. This again is identical to the
Minkowski spacetime result, up to coordinate transformation factors.
In particular, notice that these results are quite dierent from those found
for the single Rindler wedge R. A correct foliation of Minkowski spacetime must
be based on spacelike hypersurfaces which are complete Cauchy surfaces for the
whole spacetime.
We see, therefore, that despite the radically dierent choice of foliations,
viz. equal-t surfaces or Rindler-Milne, both the Wightman functions and energy-
momentum tensor expectation values are identical. This provides impressive ev-
idence that, in general, physical quantities will indeed be foliation independent,
even though the vacuum wave functionals themselves necessarily depend on the
foliation chosen to implement the Schrodinger picture.
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A Energy-momentum tensor in the Milne uni-
verse
In this appendix we calculate the expectation value of the `energy' component
of the energy-momentum tensor in the comoving and conformal vacua. The
expectation value is the coincidence limit of (18), which in terms of the Fourier


















































Here, we are working in d space dimensions, as needed in section 5, and have
point-split in the x
1
direction only.
The kernel for the comoving vacuum is specied by choosing the wave equation
solution
~
 (z; !) = H
2
i!
















































































































































Expressing the Hankel functions as modied Bessel functions and performing the













































with  is the geodesic interval between the two point-split points. The coincidence
limit ( ! 
0
) is of course divergent.
An alternative representation of the expectation value is found by taking
the coincidence limit before performing the ! integration. Working in (1 + 1)
































































































In the limit of small z, only the rst term is of O(z
 2
), the others being of O(z
0
).
The rst term is also m independent, while the others are of O(m
2
).
The corresponding calculation of the expectation value of the T
zz
component
of the energy-momentum tensor in the conformal vacuum, dened by specifying
e

















































































Again, the rst term dominates in the small z or small mass limits, being the
only one of O(z
 2
) or independent of m.
B Energy-momentum tensor in Rindler space-
time
In this appendix we calculate the VEV of the energy component of the energy{
momentum tensor in the R Rindler wedge and in the L and R wedges together.










































































and where we have introduced the complete orthonormal set
of solutions to the Fourier transformed wave equation, viz. (54). Using standard































































+ z cosh v)Z
 2
































































In considering the expectation value in the L and R Rindler wedges together
(as in section 5) we use the complete orthonormal set of solutions to the Fourier



























































As we require the coincidence limit we shall only consider points separated in the
















































































































































































valid for a; b > 0 [12, 19].































































































where jargaj+ jargbj+ jImj < .
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